Abstract. Let S be a positive real constant and let G be an abelian group (written additively) in which division by 2 is uniquely performable. Every unbounded complex-valued function /on G satisfying the inequality
f(x + y) -f(x)f(y) has a different kind of stability. Exactly, they proved that if/ is a real-valued function defined on a rational vector space V and satisfies the inequality \f(x + y) -f(x)f(y) |< 8 for all x, y E V and some real 8 > 0, then either / is bounded or f(x + y) -f(x)f(y)
for all x, y E V. This result was then generalized by J. A. Baker (see [1] ) who also had obtained a similar result for the cosine equation f(x + y) + f(x -y) = 2f(x)f(y). The main purpose of this paper is to prove an analogous result for the sine functional equation (1) f(x+y)f(x-y)=f(x)2-f(y)2.
We shall start from some general assumptions. Let G be an abelian group (written additively) in which division by 2 is uniquely performable (i.e. for each x E G there exists a unique y E G such that y + y = x; such a y will be denoted by x/2). Let / be a complex-valued function defined on G and such that the inequality (2) \f(x+y)f(x-y)-f(x)2+f(y)2\<8
holds for all x, y E G and some real 8 > 0. Moreover, assume that / is an unbounded function.
For the proof we need the following three lemmas. .
Since x and y were arbitrarily fixed elements of G, equation (7) holds for all x, y EG. Q.E.D.
Now we are able to prove the main result of our paper.
Theorem. Every unbounded function f: G -* C satisfying inequality \f(x+y)f(x-y)-f(x)2+f(y)2\<8 forallx,yEG has to be a solution of the equation
Proof. Let / be an unbounded solution of inequality (2) . Put x = 0 in (7). Then, using (3), we obtain fiy)+fi-y) = 0 for ally eG, Using (8) and (9) we also have
Now, using (9)- (12) we obtain for all x, y E G.
for all x, y G G.
f ( Remark 2. We must emphasize that our main result is proved for complex-valued functions only. Essential difficulties appear while considering functions with values in the algebra of quaternions or Cayley numbers, despite the multiplicativity of the norm; associativity, as well as commutativity, was necessary for us to prove our theorem.
